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Challenges for Prediction

Data generated by complex, multiscale dynamical systems:

Governing equations unknown
Nonlinear dynamics

Partial observations
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LorenzOs analog forecasting

Given time-ordered observations+response ddt, f,,,},;

Prediction at lead time t = gAr at new data x

| > ZT(X) =ﬁz*+q

n* = argmin d(x, x,) [Lorenz 1969]
n

Predicts response variable at a speciPed lead time
Discontinuous wrt initial data

Limited predictabllity for chaotic systems



Kernel analog forecasting

Given time-ordered observations+response ddtg. ., N

Z(x) = Zp(x X )itg
Zr(x) =ﬁl*+q
*

I(z)
n™ = argmin d(x, x,) p(x,x, Z

n

l//,(X)fﬁ (X,)

[Lorenz 1969] [Zhao & Giannakis 2016]
[Alexander & Giannakis 2019]

Welighs response data points using a weighting kerpel X X X — R
Continuous wrt initial data

Provably accurate in large data limit
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Koopman operator

Ergodic Rowd™: Q — Q

Invariant measure

state space (2

Continuous response Oobservalle(.?

OPerfectO forecast dePned by Koopman operator L> — L7  [Koopman 1931]

(U F)(wy) = (F o P°) () = Flw,)

Nonlinear in state space Linear in/L2

w(0)
dt i P

w(t)

Key idea:lift to inbnite-dimensional function space
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Reproducing kernel Hilbert Spaces

Machinery for lifting - RKHSs [Moore-Aronszajn theorem]
1. Symmetric positive-debPnite kernél : X x X - R
2. Corresponds to unique RKHS#Z
3. Reproducing property => point wise evaluation

f) =(k, o, k. =k, ), (k.k.)op =k(x,x)

Feature spaces associated with certain kernels are inPnite-dimensional
(MercerOs Theorem)



Kernel analog forecasting

Optimal prediction from observations: conditional expectation

E[U'F'H] = argmin||ge H — U°F||;>» = proj U'F
goHELﬁ ' Hy

Approximate minimization in subspace
(data-driven)

Z =argmin |[ge H— U'F||;.
86% ' respl_;nse A

Convergence in large data limit to conditional expectation image: D. Giannakis
[Alexander & Giannakis 2019]

lim lim Z - H=E[U'F!H]

[ 00 N>




Kernel analog forecasting

To see how it works, rewrite predictor as projection

o | X 9 ¢i(7)
W= Iph . A0=3 w0
n= = /j Xn
B & yi(x0)p;(x,) 1 & l
p(X, xn) — Zl /1] CJ-(T) — <¢] o H, UTF>L/%N = N Z ¢j(-xn)fn+q
Jj= n=1
Eigenvectors¢;(x,) of NxN kernel matrix on data points
Gl-j = k(x,, xj)
Gp = A

Nystrom extension to new data point given by;(x)

1 N
W) = (ko i) & — D Ko 2 (x)
i=1
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UQ: conditional variance

Recall expectation

I(7) C-(T)

Zx) =) -

j=1 /1]

wi(x)

1 N
¢(1) = (¢ H,UF),; = DI EH
n=1

Y
UQ given by conditionalvarianceof KAF forecast

L c(7)

EXx) =) -

j=1 \/;]

wi(X)

1 N—-1
ci(t) = (; o H,(UF = Z)*) 12, = ~ Z D) Z(x) = fir )

|

New observable
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Choice of kernel

Variable-bandwidthradial basis function kernels compensate for
variations in sampling data

Data-dependent parameters, r, m
[Berry & Harlim 2016] )
—lx; — x|

K. =ex
ij = CAP( 5r(x9—4hnrcg)—lhn)

Bistochastic normalization N> SPD kernel
[Coifman & Hirn 2013]

S o Ky Ri=—1 G=RET
d; = Z Ky, q;= I g dgl?’ B
j=1 j=1 L

[Das et al 2018]

Eigenvectors ofG computed using SVD
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Multiscale test problems

Two kinds of scale-separated systems

Averaging (climate, meteorology)

X = Vo(X) + By

1
).7 — —g(x,y)
E

Homogenization (molecular dynamics)

1
X = Vo(X) + _By
E

o1
y=—8()
E

[Givon, Kupferman & Stuart 2004, Pavliotis & Stuart 2008]
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Multiscale test problems

Two kinds of scale-separated systems

Averaging (climate, meteorology)

e—0 .
X =vy(x) + By > X =vy(X) +v(X),
1
y=—gx,y) V() = J By u*(dy)
E
Y
Homogenization (molecular dynamics)
. 1 e— 0 : .
X = vy(x) + —By » X=vy(X)++\20W
o JByﬂ(dy) =0

y= ;g(y)

When observing only x, conditional expectation simplipes!

[Givon, Kupferman & Stuart 2004, Pavliotis & Stuart 2008]
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Homogenization: Lorenz 63

Slow variable k) forced by chaotic Lorenz 63
4

X=Xx- X3 + — Y,
e Forecast data
— 10
V= g()’z -y, Hw) = F(w) =x

. 1
Fast Yo = 5(28)’1 = Y2 = Y1)3)»

. _1 8
}’3—5(%)’2—5)’3) -

e

As ¢ — 0 x(t) has SDE limit driven by Brownian motion

X=X-X+1/26W

[Givon, Kupferman & Stuart 2004, Melbourne & Stuart 2011]
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Homogenization: Lorenz 63

Trajectory of slow variable
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x distribution matches invariant measure of SDE

X=X-X3+1/2cW » PoX) xexp(— (1 — X%)*/40)
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Prediction with KAF

KAF forecast (blue) at initial point x=-1

Z(xg=-—1)
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X=X-X++/26W
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Prediction with KAF

Conditional variance indicates higher uncertainty at0

2

|
Trajectory
Forecast
T uQ

8
_1 B
1 | | |
5 10 15 20 2
| | ] ]

5

17



Dilusion eigenvectors

Convergence to geometric harmonics

08!
06F \ [ |
04Ff [ |/

2

0 /

L ‘ ' _ O
0.2} | | - 0.2}
0.4} | - 0.4} ‘
06} . ' - 0.6 '
08 fo ‘ | | ’ : 0.8 (‘
L =AW\ o’ A - .
15 1 0.5 0 0.5 1 15 15

s # (2

Laplace-Bertrami eigenfunctions
of stochastic process



x(¢)

350 400

300

3

i

k3

!
250

{
4
i
on
s .:%.’
200

.
L YT S ST LS iy
e
o .1‘ b
w HISA -
b S inAS oo
e o

cemc et ol
emg o o ® 00 O
wsvan(..\-on n
s he are —
FITF
T Emt o
2 A S RS e
L DX N9 o o
- o s 5 o
00 e, . o
e -
sean X
°, o
- e 5
o
1 1 1 L. M| o
3\ o) o) o To) — o) N
— o o —
1 1

7))
o
=
s
O
@il
S
LR
G
D
=}
D
R
=
)
m
a

¢, Extension to out-of-sample data points

15

19



Averaging. Lorenz 96

Networked multiscale dynamics witkK slow variables, each coupled td
ergodic fast variables

X ==X 100 — X)) — X+ F + 7

o)
<
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oo \O

€Y = = Vi1 fWis2k = Vie1.) — Yix + 1y X

e—0
x,(1) = X, (1)

\4

X, =— XX, — Xpy) — X+ F + B(X)

Data and responst

B (x) = J fCe, yp(dy) H(w) = X, F(w) = x,
R/

Limiting behavior is deterministic => expectation disappears!
KAF forecast tracks trajectory.
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Averaging. Lorenz 96

3 parametric regimes: periodic, quasi periodic, chaotic

Phase portraits (X2 X3)
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Prediction with KAF

|
4/ \Periodic

KAF perfect in the periodic case

Long term KAF forecast
converges to a constant for ol
mixing dynamics
I Quasiperiodic
UQ grows quickest in chaotic T
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Comparison with GPR

Model-data-driven closure model using Gaussian process regression

Train on pairs (X, Yk) to learn Bx(X) (accesses extra information)

Simulate closure equation from same initial point as KAF

6_

Xi ==X 1(Xpp — Xipp) — Xp + Fo+ GP(X) 4
GP(x) = Bi(x) = J JO, y)udy) :

RJ 0.

-2 4

« Data

+ Training
m— Mean
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Comparison with GPR

KAF perfect in the periodic case |

KAF stays in phase longer in
guasiperiodic regime

GPR better than KAF for
chaotic regime




RMSE comparison

. ol
| Periodic

a. KAF trained on xx

b. KAF trained on xx augmented
by Yk

c. GPR prediction

d. KAF trained on GPR closure
model
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Lorenz 63
e=1

tnu W“" - N’n l' ”wm“

CTH@E) =[x

3? r“x Wt ) s“

Non-Markovian regimes

Kl Gl

Lorenz 96
e=1




Summary

Long term prediction accuracy in multiscale systems
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Summary

Outlook

Optimizing partial observations
[Manohar et al 2019, Das & Giannakis 2019]

Data assimilation

F A WW\
response
Parametric dependence /

z;r = F(w7)

state space 2

Vector-valued observables

R Image: D. Giannakis
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